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1 Preliminaries

1.1 Immersions and Submersions

Let f: M — N be a smooth map between two manifolds. Then consider the differential map df,, : T,M —
Te)N.
f(p)

Definition 1.1. Given a map f as defined above, we say that f is a immersion (submersion) if the differential
dfp is an injective (surjective) linear map. This is also equivalent to the following:

Given p € M, f is an immersion (submersion) at p if there is a chart (U, ¢) for M around p and a chart
(V,4) for N around f(p) such that:

(i) fU)cv
(ii) the composition g =1 o fo¢~1:¢(U) — (V) is an immersion (submersion) at ¢(p)
Definition 1.2. Let f : M — N be a smooth map between manifolds of dimension m and n respectively.

If f is an immersion (submersion) at p € M, so that m < n (m > n), there is a chart (U, ¢) for M around
p, and a chart (V1) for N around f(p) such that:

1. ¢(p) =0€R™

2. Y(f(p)) =0 € R”

3. The composition ¢ o f o ¢~ 1 is the restriction of the canonical immersion (submersion) to ¢(U) C R™
Additionally, if f is both an immersion and a submersion at p, then we call f a local diffeomorphism at p.

Definition 1.3. Let f : M — N be a smooth map between smooth manifolds. We say that f is an
embedding if:

1. f is an immersion
2. f: M — f(M) is a homeomorphism onto f(M), where f(M) is equipped with the subspace topology.
In this case, we say that f(M) is a submanifold of N.

1.2 Connections on a Vector Bundle

If E, F are smooth vector bundles over M, and ¢ : C*°(M, E) — C*°(M, F) is a C°°(M) linear map, then
P EC®(M,E*®F). For s € C*(M,E), ¢(s) € C°(M,F), and Vp € M, ¢(p)(s) € F.

That is to say that ¢(p) € (E* ® F), = Homg(E,, F},).

Let m: M — FE be a C'*° vector bundle over M. A connection V on F is an R-bilinear map:

V : X(M) x C%(M, E) — C®(M, E)

which sends (z, s) — Vxs such that for all f € C*°(M), X € X(M), and s € C*°(M, E), we have:
(i) Vixs= fVxs
(ii) Vx(fs) = X(f)s+ fVxs

Notice that for a fixed s:

VseC®M,T*M @ E)=Q"(M,E)

We will use the notation that QF(M, E) := C>(M,A*T*M ® E) to denote the space of E-valued k-forms
on M. On the other hand, for a fixed X, Vx : C*°(M,E) — C*(M, E) is a derivation.



Alternatively, a connection V on E can be viewed as an R-linear map V : Q°(M, E) — Q' (M, E) that obeys
the rule V(fs) =df ® s+ fVs

The space of all connections on F is an infinite dimensional affine space whose associated vector space is
QY M,End(E))

1.3 Pullback Bundles

Let f: M — N be a smooth map, and let 7 : E — N be a smooth vector bundle on N. Then we can define
a bundle 7 : f*E — M called the pullback bundle in the following way. As a set,

FE=J B ={p.9) € M x E| f(p) = 7(q)}
peEM

We can define a smooth structure on this in the following way. If s : N — E is a smooth section of E, then
f*s: M — f*FE given by:

fs(p) = s(f(p)) € Efpy) =t (f*E)p

is a smooth section of f*FE. If e,...,e, are a smooth frame for E|y, where U is an open set in N, then
f*e1,..., f*er is a smooth frame for f*E|p-1(y). A section s: f~1(U) — f*E|;-1y) is smooth if and only
if we can write:

.

—_ .* .

s = E a;jfre;
Jj=1

where the a; are smooth functions of f~(U). We then also have a pullback map

ffiC®(N,E) = C™®(M, f*E)

Suppose that {U | a € I} is an open cover of N with local trivializations hy, : 71 (U,) — U, x R”, and
define the transition functions tng : Uy N Ug — GL(r,R) as before. Then,

[tag =tapo f: [T (UaNUp) = f~H(Ua) N f~H(Up) = GL(r,R)

are the transition functions for the pullback bundle f*F.

1.4 Pullback Connection

Let f: M — N be a smooth map, and let 7 : E — N be a smooth vector bundle with a connection V. Then
there is a unique connection f*V on f*FE called the pullback connection such that:

(f*V)(f*s)=f"(Vs)
for a smooth section s : N — E.

In other words, if s : N — E is a smooth section, and p € M, X € T, M, then

U V)x (F5) = 1 (Vag09)

In terms of local coordinates, if ey, ..., e, is a smooth frame for E|y, then f*e,..., f*e, is a smooth frame
for f*E|s-1y. On U, we know that:



r

Ve; = wa@ek

k=1
Then

(fV)(frey) = [*(Vey) =D f7(wf) @ frex

k=1

Therefore, if {wy € Q1 (Uq, gl(r,R)) | @ € I} are connection 1-forms of the connection V on £ — N, then
{ffwa € Q(f71(Ua),l(r,R)) | @ € I} are the connection 1-forms of the pullback connection f*V on
FE - M.

An important special case of this is if £ = T'N, with f*T'N = TM.

We then get a map f, : X(M) — C°(M, f*TN) «+ f*X(M)

With this map, we can say that X and Y are f-related if and only if f*Y = f,X in C°(M, f*TN).
And then given a connection V on a vector bundle 7 : E — M, we define for all X, Y € X(M):

Rv(X, Y)(S) =VxVys—VyVxs— V[X,Y]s
Thus Ry € Q%(M,End(FE))

And note that Rp+v = f*(Rv)

1.5 Derivative of Metric

Consider a Riemannian manifold (M, ¢g) with the metric g;; defined such that g;; = e; - ¢;. We can compute
its derivative in the following way:

8gij - 0
drk 9k
0
= ogk G
- (961' 6ej
aak T gk

A A
=Ikex-ej +e - Ijpen

= T390 + Tjngin

So we have the following result:

Okgij = Tgr + Tegin

1.6 Musical Isomorphisms
Let (M, g) be a Riemannian manifold, and suppose we choose coordinates (z1,...,z,) around p € M so
that (i ey %) is an orthonormal frame for 7, M. Then (dml, ceey da:") is the dual frame for T M.

b)
oxl>

Then we can define the musical isomorphism operators b and § in the following way:



ETIM - T,M

b1 T,M — T M 5

X = gi; X'da? W= g”wi@

— dexj s wif{

Ox*
Which gives us the relation (wf,Y) = w(Y)

1.7 Gradient, Divergence, and Laplacian

Let (M, g) be a Riemannian manifold, and let V be the Levi-Civita connection on (M, g). Given a vector
field Y € X(M), we can write Y = Y 8‘; in a coordinate neighborhood U with local coordinates (z1, .. ., x,),
where Y € C>°(M)

Then, we have that:

V.Y =V,Y79;

oy ;
= 50 YV,
oYJ -

oY .
=6ﬂ@+YWﬁ@
oY .

Which implies that:

QY'Y .
VI — J vk
V, Y/ = po +I,Y

1.7.1 Gradient

Proposition 1.4. Given a Riemannian manifold (M, g), the gradient of a smooth function f € C*(M) is
given by:

Of 0
L
gradf g 6xj 8$i

Proof:

For any smooth function f € C*°(M), and X € X(M) we can define a smooth vector field grad f € X(M)
by the rule:

(grad f, X) = df (X)

Note that this makes sense if we consider what both the gradient and derivative operators do in R".

In local coordinates, we can write:

Vf:<af“.af>exwﬂ

Oxl’ " Oz



And also:

f

df = do' € Q' (M)

In this form, we can see that the components of both df and V f are the same.

So taking inspiration from Section 1.6 on musical isomorphisms, we can see that the definition can be
rewritten as:

(df*, X) = df (X)

Meaning that indeed the gradient and differential are related via dff = grad f

0
dff = grad f = ¢ 83{1 v
Therefore, we have shown:
0
grad f = g* a:fz 927 (1.1)

1.7.2 Divergence
Now, let’s consider the divergence of a vector field Y:

Proposition 1.5. Given a vector field Y € %(M) the divergence of Y is given by:
divy = ——— («/det Y

Proof:

Now let us calculate ng in local coordinates:

1

;9 (Digrj + Orgsi — Ojgir)
= %gijakgij

i

- %bg ( det(g))

1 0 ~——



We can plug this back into the expression for divergence, to get:

aYi 1 A
divY = \/Wa e ( det(g)) Y
1 oY’ 0 ;
= — det(g +— det(g)Y"
det()( 95 + oz ( (9) ))
v det(g)Y"
A /det (9 ( )
So we arrive at the formula:
divy = — - ( det(g)Y ) (1.2)
\/det(g) O°
O
1.7.3 Laplacian
Proposition 1.6. Given a smooth function f € C°°(M), the Laplacian of f is given by:
A v/ det(g
= /7 ' ( 99”5, J)
Proof:
The expression for the Laplacian in local coordinates follows quite trivially from the previous sections.
We know that Af = div(grad f), so we can write:
Af = div (grad f)
1 0 ,
= det rad f)*
ey o (V@) erad )
1 0 . Of
= det U
/det(g) ozt < € (g)g 6$J>
Which gives the final result:
1 0 L Of )
Af = —x— det U 1.3
f=—= oo ( (9)9" 57 (1.3)
O



2 Jacobi Fields

Let (M, g) be a Riemannian manifold. A Jacobi field J(t) along a geodesic v : I — M is a smooth vector
field which is defined in the following way:

Consider a smooth map

f : (7676) X [Oﬂa] - M
(57t) = fs(t) = f(S,t)

And we think of this as a family of geodesics parameterized by s € (—e¢,¢€) such that for any s € (—e,¢€),
fs 1 [0,a] = M is a geodesic with fo =

We then define:

I =201

Lemma 2.1. Let A = (—¢,¢) x [0,a] C R%. Let f: A — M be any smooth map. Then 2 and 2 are global
smooth vector fields on A. Remember that we defined:

of _ . (9 of _ 9 o
as'f*<as>’ ot I <8t> € C (A fTM)

Suppose that V is the Levi-Civita connection on (M, g). Let D = f*V be the pullback connection on f*TM.

Then:
of of
ds (at> at(as> 0 (2.1)
D*af Dof of of\ of
9205 s (at 8t)+R(63 8t> ot =" (22)

Proof of Lemma 2.1

First, we will prove equation 2.1.

By the symmetry of the pullback connection, we know that f, [%, %} = 0. Then:

0 0 g 0 0 0 0 0
O_f* [85’&] _f* (5‘5875_8756‘5) _D%f*a _D%f*%

Which can be easily rewritten as equaiton 2.1.
Now to prove equation 2.2:

Remember that the Riemann curvature tensor R is defined as:

R(X,Y)Z =VxVyZ - VyVxZ - VixyZ (2.3)

Then from this equation, we can see that the pullback of the curvature tensor can be written as:

or o1 hipard .
R<5f 5')f*< >_D5D6"sf*8t DaDgtge = [aﬁoi]f*



But we know that [%, %} = 0, so the last term in the above equation is 0. Then we can rewrite the above

equation as:

of of o
R( >f<8t> Do Daf* ~DaDafis

ot’ ds

8

Referring back to equation 2.1:

of of of
as(at> 8t(8s) 0= % (8t) c’)t(

So we can swap the order of differentiation to get:

of of f of
R(é)t’&g)(@t) DdDdi—DdD

And we can see that with some simple rearranging, and using R(X,Y)Z =

22%_2 D of R of of\of _
ot2 s Os \ Ot Ot ds’ ot ) ot

Which is precisely equation 2.2.

2.1 Jacobi Equation

Now, by the defining property of a geodesic, given s € (—¢,€), we can see that any geodesic f; :

as defined above must necessarily satisfy:

D af
aa(s t)=0 for any s,t

Which lets us rewrite the equation again as:

() (3)- 5

ot ds (8t ot ds
D? of af af\ (ofr\ _
9 05 R(ata) (m)‘o
D2 of af af\ (of\ _
R (G05) (3) 0

02 Js ds’ ot

Notice that the sign changes due to the identity R(X,Y)Z = —R(Y, X)Z.

In particular, if we consider s = 0, and set:

of
ot

of

—=(0,t) =+/(t) and B

(0,8) = J(t)

Then we get the Jacobi Equation:

2

527 (1) + RU(0),7/ () (1) =0

10

2t ot s 5% ot

—R(Y, X)Z we get:

— M



Definition 2.1. A vector field J(t) along a geodesic 7 : [0,a] — M is called a Jacobi field if it satisfies the
Jacobi Equation (2.4).

Definition 2.2. Let 7 : [0,a] — M be a geodesic on a manifold M, with v(0) = p and v/(0) = v € T, M, so
that v(t) = exp,(tv). Then:

(a) For any u,w € T,M, there is a unique Jacobi field J(t) along y(t) with J(0) = u and ZZ(0) = w.

(b) If J(t) is a Jacobi field along ~(t), then there is a smooth map f : (—e€€) X [0,a] — M written
f(s,t) = fs(¢t) such that:

(i) for each s € (—e,¢€), fs:]0,a] = M is a geodesic.
(i) fo(t) =~(t)
(it) 2(0,1) = J(1)
Definition 2.3. Let 7 : [0,a] — M be a geodesic on a manifold M, with v(0) = p and v/(0) = v € T, M, so
that (t) = exp,(tv). Also let J(t) be a Jacobi field along (¢) such that J(0) = 0 and LJ(0) = w. Then for
te€0,al:
J(t)=(d expp)m(tw)

Lemma 2.2. Let v:[0,a] — M be a geodesic and J(t) a Jacobi field along v(t). Then:

(J(£).7' (1)) = (J(0),7(0)) +(J"(0),7(0))

Proof

Define a smooth function f : [0,a] — R by f(t) = (J(t),7'(t)). The lemma can then be restated as
f() = f(0) 4+ tf'(0). It suffices to show that f(0) = 0.

Remember that because «y is a geodesic, %7’@) = 0. Then:

F1(t) = (T(0),7' (1) + (T(6),7" (1)) = (J' (1), 7' (1))

F1(#) = (@A @) + (J'(1),7 () = (J"(1), 7' (1))
= (J7(1),7'(t)) = —(R(J(t), ()) (1), (1))
= R(J(1),7'(1),7'(1),7'(t)) =

Remark 2.3. Note that both 7/(¢) and t7/(t) are Jacobi fields along the geodesic v. Then by the previous
lemma, we see that:

HUNINTO

J(t) = ((7(0),7(0))) + 1 ((J'(1),7' (%)) 0P

Where J*(t) is also a Jacobi field along v and

(JH(1),7'() =0

11



2.2 Jacobi Fields on Manifolds with Constant Sectional Curvature

Suppose (M, g) is a Riemannian manifold with constant sectional curvature K. Let v : [0,a] — M be a
normalized geodesic (|y'|* = 1). Let v(0) = p € M, and 7/(0) = v € T,M. Then let J(¢) be a Jacobi field
along () such that:

DJ
J(0) =0, E(O) =w, (w,v)=0

Then (J(t),v'(t)) = 0 for all ¢ € [0, a]. For any smooth vector field V (¢) along ~(t):
(R(J,A) V) = K (V)L V) = (V. VY ) = (K, V)
Therefore, R(J,7")y = KJ, so J satisfies:

D%J

o T EJ=0

Let J(t) = f(t)w(t) where f is a smooth function on [0, a], and w(t) is the unique parallel vector field along
~(t) such that w(0) = w. Then:

D? D
dt;] v KI=0, J0)=0, 20 =w

which is equivalent to:

ff"+Kf=0, f(0)=0, f(0)=1

Solving this differential equation, we get the solution:

sin(vVKt) K > 0;

VE
ft)=14t, K =0;
sinh(v/—Kt)

ﬁ’ K < 0.

Therefore, the unique Jacobi field J(t) along v(t) such that J(0) = 0 and ZZ(0) = w, where (w,~/(0)) = 0,
is given by:

f(t) = tw(t)a K = 0;
smh\(/i\_/;{Kt)w(t)’ K <0.

Similarly, the unique Jacobi field J(t) along y(t) such that J(0) = u and £Z(0) = 0, where (u,(0)) = 0,
and u(0) = u is given by:

cos(VEt)u(t), K >0,
J(t) = uft), K =0,
cosh(v—=Kt)u(t), K <0,



2.3 Taylor Expansion of g;; in Local Coordinates

First, let us consider a geodesic v : [0,a] — M such that v(0) = p and ~'(0) = v, so that y(t) = exp,(tv).
Also let J(t) be a Jacobi field along this geodesic y(t) with J(0) = 0 and Z = w € T,M. Alternatively,
this means that J(t) = (dexp, )t (tw).

Now, let f = (J,J). We want to compute the taylor expansion of f in order to determine the taylor series

for (J,J) = |J(1)]2.

By the product rule, we can see that:

fr= )

- s

dt
= (J Iy + (],
=2(J",J)

Additionally:

D
nm_ e
f _dtf
D /
= 227, J)
DJ' DJ
=2 2(J’
(o +2 )

200", J) + 200, ')

Continuing along with this pattern and repeatedly applying the necessary product rules to this function, we
can see that we have the following table:

=20
f/l — 2<J/I’J> + 2<J/’J/>
& =209 1y +6(J",.J)

(
=2(JWD 1) +8(JB) I +6(J", J")
FO =2(JO) 7y +10(JWD "y +20(J3) | J")
FO =270 1) 412075 T + 30(JW J") +20(J3), @),

Now we also need to compute the derivatives of J(t) evaluated at 0. We already know that J(0) = 0 and
J'(0) = w. We also can deduce from the Jacobi Equation that:

J//+R(fy/7c] ’y/
J"(0) + R(v'(0), 7(0))7'(0)

~—

<
—~
=}
=
+
=
—~
<
(=)
~
<
Il

0

0
, 0
J"(0) =0

13



To compute the second derivative, we can simply take the fact that we know J” = —R(v/, J)7/, and differ-
entiate both sides, giving us the following. Keep in mind that since 7(t) is a geodesic, v”(¢) = 0 for any
t.

J" = —R/(’}/, J),Y/ R(’)/N, J),Y/ R(’}/, J/)W// _ R(,}/’ '])7”
_ _R/(’y/,J ,y/ _R(,y/,JI>,y/
J(3)(0) = —R'(v,0)v — R(v,w)v

And then for J®, we can differentiate both sides again:

JYW = —R'(Y, ]y =R, I =R, T - R, )
— R (I = RO, ) = RO, I — R, T )
=-R'(Y,J)y = 2R'(v,J)y = R(~', J" )Y
JH(0) = —R"(v,0)v — 2R (v, w)v — R(v,0)v
= —2R'(v,w)v
= —2V,R(v,w)v

Continuing along, we eventually get to this table:

J0)=0
J'(0) =w
J"(0) =0
J®(0) = —R(v,w)v
JH(0) = =2V, R(v, w)v
J®)(0) = =3V, V,R(v,w)v + R(v, R(v, w)v)v

f(0)=0
f1(0)=0
£(0) = 2{w, w)
A =0
FO(0) = =8(R(v, w)v, w)
FP(0) = =20((Vo ) (v, w)v, w)
FO0) = =36((Vo Vo R) (v, w)v, w) + 32(R(v, w)v, R(v, w)v).

So, using this, along with the formula for the Taylor series centered at 0, we have that f(¢) can be written
as:

" (3 (4) (5) (6)

14



So therefore, f(t) = (J(t),J(t)) = |J(t)|? has the expansion:

From this expansion, as well as the fact that J(t) = (dexp, ), (tw), we can repeat this same process as above
to calculate ((dexp, )t (tu), (dexp, )t (tw))

This is done by considering two Jacobi fields Ji(t) and J2(t) along the geodesic v(t) = exp,,(tv) such that

DJ1(0) = w and 222(0) = w. Then, we can compute the inner product of these two Jacobi fields and expand

it as a power series, deriving it in an identical way as above.
(J1(t), J2(t)) = ((dexp, )t (tu), (dexp, )t (tw)) =

1 1
(u,w) — gR(u,v,u, w)t? — 6<(VUR)(u, v, u,w),v>t3

2 1
+ E(R(u, v)u, R(v, w)v) — 2—O<(VUV1,R)(u,v,u,w), v)| t*+ O(t%)
Now, if we let {e1,...,e,} be an orthonormal basis of T, M, then we can plug this in to the equation, along

with ¢ = 1 and get:

((dexpp)o(ei), (dexpy)o(es)) =

1 1
<ei7€j> - gR(U,ei,’U,(ij) - 6<(VUR)(U,61‘,’U,€]‘),U>

+ 2 <R(’U,€i)v,R(’U,€j)’U> - %((VUVUR)(%@U’U?‘SJ)’U> +O(|U|5)

45

Now, also suppose that B.(p) is a geodesic ball with center p and radius € > 0, such that:

n
q = exp, Zxkek € B(p)
k=1

Where (z1,...,zy,) are the normal coordinates determined by (ey,...,e,). In this case, we have the rela-
tionship that:

0
ow; q - (dEpr)Zgzl wrex (€3)
Which makes:
1o} 0
gij(‘rla"'vxn) - % ) 87.’1,‘] - <(depr)ELL=l Trek (ei)a(dexpp) h—1 Tkek (6]‘)>
tlq q
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So then, on B.(p), we have that:

VR = Z Rijkl’mdaz" ® dr? @ dz* @ dat @ da™

,3,k,l,m

VVR = Z Rijrirsdr’ @ do? @ da® @ da' @ do” @ da®

©,3,k,0L,r,s

So that when we substitute in the necessary components, we end up with:

1 1 .
9ij (%) =0ij — 3 > Rigju(p)a*a' — 5 > Rimm(p)a‘a'z
k,l k,l,m

1 T _8 2 T _S8
~ 5% > Rujirs(p)aa'a’a® + yr > Riim(p)Rjrsm(p)z"a'a"z® + O(|2|”)

k,l,rs k,l,r,s,m

Which is a taylor expansion of the metric tensor.

2.4 Taylor Expansion of \/det(g;;)

Now, if we let g(z) = (gij(z)), then we can see:

g(@) =1+ 9P (@) + ¢ (2) + ¢ (x) + O(«/”)
Where I is the identity matrix, and ¢(*)(z) is the kth order term in the taylor expansion of g(z).

Before continuing, we need to establish the following identity:

Lemma 2.4. Let A be any positive definite n X n matriz with n eigenvalues, {\;}1"_,, such that log(A) is
well defined. Then,

Vet 4 = exp (5 Trlog(0)

Proof:

First, let us consider the eigenvalue decomposition of A. That is, we can write A as:

A=QAQ!

Where @ is an orthogonal matrix, and A is a diagonal matrix with the eigenvalues of A on the diagonal.
Then, we can see that:

det(A) = det(Q) det(A) det(Q™") = det(A) = ﬁ Ai
Which makes log(det(A)) = > log(\;)

Now, we can also consider a matrix log(A) which is an n x n matrix as well, with eigenvalues {log(X;)}7 .
Remember as well that the trace of a matrix can be calculated as the sum of the eigenvalues, so:

16



Tr(log(A Z log(\

We can see that both log(det(A)) and Tr(log(A)) are equal, so:

V/det(A) = y/exp(log(det(A))) = exp (; log(det(A))> = exp <;Tr(log(A))>

So we have proved the lemma that:

det(A) = exp <;Tr(10g(z4)))

Now that we have proven this, we can move forward with the calculation.
We know that log(I + A), given necessary restrictions, can be expanded as a taylor series as:
A% 43 At

log(I +A)= A—?+?7T+O(

?)

Substituting the equation g(x) = I+¢® (x)+¢®) (2)4+¢* (2)+O(|z|?) into this, we can see that g(x) = I+ A,
where A = g (z) + ¢®(2) + ¢ (z) + O(|z|?). Therefore,

2
@ (2) + ¢¥(z) + ¢W ()
log(g(z)) = (9(2)(1:) + 9% (x) +g<4>(x)) N (g 9 . g )

(69@) + 99 @) +99@) (60@) + 9 (@) + 4O () 5
+ 5 - - +0(/al)

4

But since we are only expanding up to the 5" order, we can ignore many of these terms, such as g(*) (7)?,
g™ ()2, and everything after that. So we can simplify this expression greatly, and come to the equation:

©)(2)? :
log(g(@) = 92 (x) + 99(x) + (@) ~ L 1 0(1a)

Using the expansion that was already derived for g(x), we see that:

1 1 k.l .r..s
_59(2) )2:_E Z Rigm R jrsm® T T T

k,l,r,s,m
Giving the final answer for log(g(z)) as:
log( =5 Zle’jl SC I - = Z lekl m CEkZ‘ll‘m
k Jg,m
Z R“Wl 75 .73 Z,lxrxs + — Z Rzklm ]'rsm( )xkxl:crxs
45

k lL,r,s k,l,r,s,m

18 Z Rikim Rjrsma®zla"z® + O(|z|?)
k,l,r,s,m
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Taking the trace of this object involves simply summing over all values where i = j, i.e. Tr(log(g(x)))

g log(g(x));j. So we can see that:

1 y 1 3
log(g(2))ij =~ 3 > 97 Ragu(p)a*a' — G > 97 Rijuim(p)atala™
k,l k,l,m

— 55 2 97 Rikjurs(P)r*as s — oo >0 g Rigim (p) Riram ()" 22" ”

k,,r,s 90 k,l,r,s,m
+O(|z]”)
1 1 1
=-3 ZRkl(p)xkxl ~3 Z Ripm(p)zFala™ — 2 Z Ry ps(p)aala” x®
k,l k,l,m k,,r,s
1
- % Z Riklm(p)Rirsm(p)xkxlxrxs

ik, l,r,s,m

Then, we have our result by the fact that \/det(g(z)) = exp (3Tr(log(g(z))))

det(g(z)) =
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3 Isometric Immersions

Let (M, g) and (]T] ,g) be Riemannian manifolds, and f : M — M be a differentiable immersion of a manifold

M of dimension n into a manifold M of dimension n. The Riemannian metric g on M induces a Riemannian
metric g on M.

Definition 3.1. We call f : M — M an isometric immersion if for any vi,v2 € TyM

g(v1,v2) = g(dfp(v1), dfp(v2))

For the rest of the section, let V be the Levi-Civita connection on (M, g), and V be the Levi-Civita connection
on (M,q). Also, D := f*V is the pullback connection on f*TM.

3.1 Normal Bundle

For any p € M, Tf(p)M =(f"TM), =T,M & (TpM)J'. This is known as the orthogonal decomposition of
Ty M.
I(

p)
We want to identify T, M with df, (T,M) C Ty M
Notation: For any v € Tf(p)M = (f*TM),, we will write v = vT + o™, where vT" € T,M and vV € (TpM)N.
Definition 3.2. We define the normal bundle of the isometric immersion f : (M, g) — (M, g) to be

i . *
N = @M c | (frT™M), = f'TM

pEM peM

It is a rank kK = n — n C° vector bundle over M. It is also a rank k& C'* subbundle of f*T]\A/[/ , for which we
can see the orthogonal composition of below.

f*TM =TM & N(f)

C®(M, f*TM) = C®(M,TM) & C>(M, N(f))

In do Carmo’s [dC] notation, C°°(M,TM) = X(M), and C>®(M, N(f)) = X(M)*.
Notation:

Iff:M— M is an immersion, we have that by definition, Vp € M, the following maps are injective, as an
R-linear map between vector spaces, or as a morphism between C'*° (M )-modules:

dfp : TpM — Tf(p)M
fu: X(M) — C®(M, f*TM)

We sometimes identify X € X(M) with f,(X) € C>(M, f*TM).
For X,Y € X(M) C C*(M, f*TM), we have that Dx (f,Y) € C>(M, f*TM)
Note that we can decompose Dx (f.Y) = (Dx (f*Y))T + (Dx (f*Y))N

Also, it is possible to prove (Dx (f*Y))T = f.(VxY) € C=(M, f*TM), and (DxY)T = VxY
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Definition 3.3. Let f: (M,g) — (1\7, g) be an isometric immersion, and D := f*%
Define a map B(X,Y) by:

B:X(M) x X(M) — X(M)*
(X,Y) = (Dx(£Y))"

Lemma 3.1. For any X,Y € X(M):
(i) B(X,Y) is a C>°(M)-bilinear map
(i) B is symmetric
(iii) B € C>®(M,Sym*T*M @ N(f))
Proof:
Note that B(X,Y) can also be defined in another way. Let X,Y € X(M), and X,V be extensions of X,Y
to M. We see that VxY = (%X?)T7 which means an alternate definition of B is:

B(X,Y)=VzY - VyY

We can see that B(X,Y") is C°°(M)-linear by the following argument:

B(fX,Y)=V,5V - V;xY = f (6)?17— VXY) - fB(X,Y)

B(X,fY)=VefY —VxfY = VeV — fVxY + X()Y = X(f)Y = f (6);)7 - vXY) — fB(X,Y)
Additionally, to see that B(X,Y") is symmetric:

B(X,Y)=V3V - VxV =V X +[X,Y] - Vy X — [X,Y] = Vo X — Vy X = B(Y, X)

So we have shown that B(X,Y") is a symmetric bilinear function.

3.2 Second Fundamental Form and Shape Operator

Definition 3.4. The second fundamental form of the isometric immersion f : (M, g) — (ZT/I, g)atpeM
along 7 € (T, M)~ is defined to be:

H,: T,M x T,M — R
Hy(z,y) — (B(z,y),n)

This gives rise to another mapping (sometimes also called the second fundamental form).

L, () = Hy(z, )
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Definition 3.5. Define the shape operator as a mapping:

Sy : TyM — T,M

such that for any x,y € T, M, we have that:

<S7](x)7y> = Hn('r7 y)

Proposition 3.6. The shape operator is self adjoint, i.e., (S, (z),y) = (x, Sy (y))
Proof:

Lemma 3.2. Let X € X(M) and n € X(M)*. Then S,(X) = — (Dxn)"
Proof:

b
= X(Y,n) = (Y, Dxn)

=—(Y,Dxn) (Y €X(M)andneX(M)" = (Y,n) =0)

(—=(Dxn)T,Y) (because the (Dxn)* term vanishes in the inner product)

So we have shown that S, (X) = —(Dxn)*
O

Corollary 3.7. An immediate corollary of Lemma 3.2 is that if dim(M) = dim(M) + 1, then we have the
existence of a unit normal n € C°(M, N(f)), (n,n) = 1, which implies S,(X) = —Dxn Vz € X(M).

7 exists <= N(f) is trivial.
Additionally, n is unique up to sign if M is connected.

We can see that this is true because:
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=0
So we do not need to worry about the normal component of the derivative, meaning in this case,

Sy(x) = — (Dxn)" = —(Dxn)" — (Dxn)™ + (Dxn)™ = — (Dxn) + (0) = —Dxn

Example 3.1. Calculate the second fundamental form of f : (8™, gean) < (R"*1, go) along the inward unit
normal.

On the sphere, Vp € S n(p) = —p.

n+1
Let n = ZX — € X(R"*)

Then for any p € S™, we have 7j(p) = n(p)
Consider the covariant derivative V defined by go on R**1, so that:
n+1

Z dr; ® 57— € C°(R"™ End(TR"*"))

For all p € R"*!, we have:

(%ﬁ)p : T,R™1 — TR

0 0

67333-(17) = *f(P)

Which means that (%ﬁ) = —id T,R"!, or equivalently, %vﬁ =-—v YveT,R"!
P
Recall that D = f*% and n = f*n so that for all p € ™ and v € T,,5"
Sy(v) = =Dyn = —Voii=v

Hy(X,Y) = (5,(X),Y) = (X, Y)

Which immediately lets us conclude that H, s

- gCG/I’L
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3.3 Connections on the Normal Bundle
We define a connection V+ on N(f) by:
Vin = (Dxn)"

Choose X,Y € X(M), and € X(M)*+. Then we have the following:

DxY = (DxY)" + (DxY)Y = VxY + B(X,Y)
Dxn = (Dxn)" + (Dxn)" = —8,(X) + Vxn

where:

V is a connection on TM, T* M, (TM)®" @ (T*M)**
V4 is a connection on N(f), N(f)*, N(f)®* ® (N(f)*)®m

(N(f))* is called the conormal bundle.

These connections allow us to define a general connection on (TM)*" @ (T*M)®* @ N(f)®* ® (N(f)*)®m

In particular, let us define B € C* (M, (T*M)(X)2 ® N(f)*) by:
B(Y, Z,n) = (B(Y, Z),n)
with Y, Z € X(M) and n € X(M)~+
So that for X € X(M), we can define:
DxB e O (M, (T*M)® ® N(f)*)
as
(DxB)(Y, Z,n) = X(B(Y, Z,n)) = B(VxY, Z,n) = B(Y,VxZ,n) + B(Y, Z, V1)

with XY, Z € X(M) and € X(M)~+

3.4 Normal Curvature

Let us first define some terms related to curvature. These will be necessary for defining the Guass, Codazzi,
and Ricci equations for isometric immersions.

Recall that on a Riemannian manifold (M, g), the curvature tensor R is defined by:

R(X,Y)Z =VxVyZ -~ VyVxZ — VixyZ

We can generalize this in the following way:
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Rg € 02 (1\7 End (TJTI))

R:=f*Rg = Rpg = Rp € O <M, End (f*TM))
R =Ry € Q* (M,End (TM))
R* = Rys € 92 (M, End (N(/)) )

Note that End(f*TM) is the space of all automorphisms of f*TM, or C*°(M)-linear maps from F*TM to
itself. We can visualize some of the equations that we will be deriving in the following picture:

Gauss Codazzi

Codazzi Ricci
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3.4.1 Gauss Equation
Proposition 3.8. The Gauss Equation is given by:

(R(X,Y)Z T) = (R(X,Y)2,T) + (B(X,T), B(Y, 2)) — (B(X, Z), B(Y, T))

Proof:
First recall that VxY = VxY + B(X,Y)

So then we have:

R(X,Y)Z =VyVxZ-VxVyZ+VixyZ
=Vy(VxZ+B(X,2)) - Vx(VyZ+B(Y,Z))+ Vixy)Z + B([X,Y],2)
=VyVxZ+VyB(X,Z)+ B(Y,VxZ + B(X, Z))
—VxVyZ —VxB(Y,Z) - B(X,VyZ + B(Y, Z))
+Vixyv)Z+ B([X,Y],Z)
=VyVxZ - VxVyZ+Vxy|Z+VyB(X,Z)—VxB(Y,Z)
+ B([X,Y],Z)+ B(Y,VxZ) — B(X,VyZ)+ B(Y,B(X,Z)) — B(X,B(Y, %))
=R(X,Y)Z+VyB(X,Z)-VxB(Y,Z)+ B(X,Y],Z) + B(Y,VxZ) — B(X,VyZ)
+ B(Y,B(X,Z)) — B(X,B(Y, 2))
=R(X,Y)Z+VyB(X,Z)-VxB(Y,Z)+ B(X,Y],Z) + B(Y,VxZ) — B(X,VyZ)
—Spx,2)(Y) + Sp(yv,z)(X)

And now taking this inner product with T', we have:

(R(X,Y)Z,T) = (R(X,Y)Z,T) + (V¥ B(X, 2),T) - (VxB(Y, 2), T)
+(B([X,Y],2),T) + (B(Y,VxZ),T) = (B(X,VyZ),T)
<SB(X 2)(Y), T) +(Sp(v.2)(X), T)
= (R(X,Y)Z,T) + (B(X,T), B(Y, Z)) = (B(X, Z), B(Y,T))

Notice that we took advantage of two very important formulas:
1. B(X,T) =-5r(X)

As well as the fact that V* is a connection on N(f), so that the inner product of V+ with any tangent
vector T vanishes. Therefore, we have the desired result:

(R(X,Y)Z.T) = (R(X,Y)2,T) + (B(X,T), B(Y, 2)) — (B(X, Z), B(Y, T))
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3.4.2 Codazzi Equation
Proposition 3.9. The Codazzi Equation is given by:
(R(X,Y)Z,n) = (R(X,Y)n, Z) = (Dy B)(X, Z,n) — (Dx B)(Y, Z,n)

Proof:

Given an isometric immersion, let us denote the space of vector fields normal to M by X(M)=+. The second
fundamental form of the immersion can then be thought of as a tensor:

B:X(M)x X(M) x X(M)* =R

which is defined by B(X,Y,n) = (B(X,Y),n)

And this allows us to naturally extend the definition of the covariant derivative as:

(VxB) (¥, Z.n) = X(B(Y. Zm)) = BYXY, Z,n) — BY,VxZ,1) + B(Y, Z, V1)

Then using this notation, we see that:

(VxB) (v, Z.n) = X(B(Y Z,m) - BVxY, Z.n) — B(Y, VxZ,n) + B(Y, Z,Vkn)
= (Vx(B(Y,2)),1) = (B(VxY, Z),n) — (B(Y,VxZ),1)

Recall from the proof of the Guass equation that we have:
R(X,Y)Z =R(X,Y)Z+B(Y,VxZ)+VyB(X,Z) — Spx.2)Y

- B(X,VyZ) - V§B(sz) +SB(Y,Z)X+B([XvY]7Z)

Now using this, we can immediately see:

(R(X,Y)Z,n) = (R(X,Y)Z,n) + (B(Y,VxZ),n) + (V¥ B(X, Z),n) — (Spx.2)Y, )
— (B(X,VyZ),n) — (VxB(Y, Z),n) + (Spr,2X.n) + (B(X,Y], Z),n)
= (B(Y,VxZ),n) + (VyB(X, Z),n) — (B(X,VyZ),n)

) +

—(VxB(Y, Z),n) + (B(VxY, Z),n) — (B(Vy X, Z)n)
Then from this, notice that:

(V¥(B(X,Z)),n) = Y(B(X, Z),n) — (B(X, Z), Dyn)
=(DyB)(X,Z,n)+B(VyX,Z,n) + B(X,VyZ,n)

And this lets us conclude:
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(DyB)(X,Z,n) = (Vy(B(X, Z)),n) - B(VyX,Z,n) — B(X,VyZ,n)

Using this equivalence, we can greatly simplify the above expression for (R(X,Y)Z,n):

<E(X7Y)Zv 7]) = (DYB)(X7 Z, 77) - (DXB)(Y= Z, 77)

Which is the Codazzi equation.
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3.4.3 Ricci Equation
Proposition 3.10. The Ricci Equation is given by:

<E(Xa Y)na £> = <RJ_(X7 Y)nv §> + <[Sna S&] X, Y>
where
[Sna S&] X =8, 08¢(X) — S¢ 05,(X)
Proof:
First, recall that we have:
V= V4 - 5,(X)

And then consider:

R(X,Y)n=VyVxn—VxVyn+ v[x b el
= Vy(Vxn+ B(X,n)) = Vx(Vyn + B(Y,n) + Vix yyn + B(X, Y], n)
= Vv (Vxn — 8y(X)) = Vx(Vyn — Sy (Y ))+V[XY77_SU([ ,Y])
= VyVxn = VySy(X) = VxVin + VxS, (Y) + Vix yyn — Sy([X, Y])
= Vy Vi — Soi,Y — VS (X) + S, x)Y = Vi Vyn + Sy, X
+VxSyY — Ss,v X + Vix yyn — 9, (X, Y])

Then using the fact that S, X = —B(X,n), we have:

R(X,Y)n = VyVxn—VxVyn+ Vixym — B(Y,9,X) + B(X, 5,Y)
- SVJ};nY + SVSJ;UX + V§SWY - Vl%'SnX - Sn([X7 Y])

And then multiplying both sides by ¢, while remembering that (B(X,Y),n) = (5,X,Y), while also noticing
that since £ is a tangent vector and orthogonal to 7, the terms involving S,, disappear, we obtain:

(R(X,Y)n,&) = (RT(X,Y)n, &) — (B(S,X,Y), &) + (B(S,Y, X), &)
= (R*(X, ) §> ((SpSe — SES )X Y)
= <Rl(X [Smsi]

So we have proven the Ricci equation which states:

<R(Xa Y)n,@ = <RL(X7 Y>777§> + <[S17a SE] X, Y>
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3.5 Corollaries of the Gauss, Codazzi, and Ricci Equations

Let p € M, and z,y € T, M be orthonormal. Then we can define

c=Re®dRy CT,M C Tf(p)ﬂ
)= K(0) = R(z,y,2,y)

Which means that the Guass equation in this case can be rewritten as:
F($7y) = K(may) - <B(.’L’,$U),B(y,y)> + |B($7y)‘2
Or equivalently:

K(z,y) — F(x7 y) = (B(z, ), B(y, y)> — |B(x, y)‘2
3.5.1 Example with S™
In particular, if we have:
[+ (M, g) = (8", gean) = (M, ) = (R"*, go)

We already know that Vp € S™, n(p) = —p, and Vz,y € T,S™, we have B(z,y) = H,(z,y)n = (z,y)n, when
x and y are orthonormal.

K(x7y) —F(x,y) = <B($,£),B(y,y)> - |B(1‘,y)‘2
K(z,y) =0 = (z,2)(y,y) — (z,9)°
K(z,y)=1-1-0?
K(z,y)=1

So we have shown that (S™, geqn) has constant sectional curvature equal to 1, for any n > 2.
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4 Geodesic Manifolds

Definition 4.1. Let f: (M, g) — (M,g) be an isometric immersion.

We say that f is geodesic at p € M if:
B(p) : T,M x T,M — (T,M)™*

is zero. Alternatively, this is true if and only if Vn € (T,M)*, H, = 0.
We say that f is totally geodesic if f is geodesic at every p € M.

Lemma 4.1. Let f: (M, g) — (]Téﬁ g) be an isometric immersion, and I an open interval.

Also consider the following commutative diagram

™ — % TN
\% - %
I - M -

o v: I —MisaC™ curve in M

. f07:I—>MisaC°° curve in M

o V is a C wector field along ~y

o V= dfOV:I—>T/]\Z is a C™ vector field along f o~y
Then we have:

DV = DV + BOW, V()

Where d% is defined by (f ow)*% =~*D, and D = f*V.
Proof:
Both d%f/(t) — BV(t) and B(v'(t), V(t)) are C°°(I)-linear in V (¢).
So it suffices to check this when V(t) = X (y(¢)) and X € X(M), then:

D :
V(@O =D 1)X
D
270 =VymX
D~,. D ;
SV (1) = V() = Di(H)X = Vo X
= B(v'(t), X (7(1)))
=B(Y (1), V(1))
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Proposition 4.2. Let f: (M,g) — (M, g) be an isometric immersion. Then f is geodesic at p € M if and
only if:

Vv : (—€,€) = M geodesic in (M, g) such that v(0) =p, 5 = f o~ : (—€,€) — M is geodesic at D.
Proof:
(fo)'(t) = df5(t)(v' (1))
And then by lemma 4.1 we know:
DV(0)= 2V +BO 0, V()

(=)

1. f is geodesic at v(0) =pe M = B(7'(0),7'(0)) =0

2. y(t) is a geodesic = 2+/(t) =0
And then from these two statements along with the lemma, we immediately see:

%7(0) =0 < 75 = forisa geodesic at 0

(=)

Va,y € T,M, we have B(p)(x,y) = 0. Since B is symmetric and bilinear, it suffices to show that for any
veT,M, B(p)(v,v) =0.

We know that 3e > 0 such that ~(t) = exp,(tv) is defined.
v :(—€,€) = M is a geodesic in (M, g), with v(0) = p and 7/(0) = v.
This implies %7’(0) =0, so that:
5"'/ D /! / /! D /
27 0= 27(0) + B(p)(7'(0),7'(0)) = =+'(0) + B(p)(v,0) =0 = B(p)(v,v) =0
If f is totally geodesic, then B(v/(t),~/(t)) = 0 which implies that:
e 7 is a geodesic in (M, J)
o 7 = exps(p)(tdf,(v))
o §=foexpy(tv)

And we can see that:

f o exp,(tv) = &xp;(p) o dfp : Be(0) = M

d —_~—
M L > TrpyM
€XPp XD ()

M—
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4.1 Examples of Totally Geodesic Isometric Embeddings

(R™,dw? + - +da2) — (R, da? + -+ da? )

(1., zn) — (T1,...,2p,0,...,0)

(Sn_lvgcan) — (Rn+k_1agcan)
(1, 2n) = (21,...,20,0,...,0)
1

)
2 2
xl_i'_..._i_xn

Let (M, g) be a Riemannian manifold, and p € M.

Je >0 exp,: B(0) = Be(p)

Is a geodesic ball centered at p with radius € > 0, and B.(0) C T, M, B.(p) C M.
Now let o C T, M be a 2-plane.

S = exp, (0N B(0)) is a 2 dimensional Riemannian submanifold of (M, g). Additionally, S is geodesic at p.
Notice as well that:

K(p,0) = Ks(p)

where K (p, o) is the sectional curvature of (M, g) and Kg € C*°(S) is the scalar curvature of S.
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5 Curvature

5.1 Mean Curvature

Let f: (M,g) — (M, g) be an isometric immersion, p € M, and 1 € (T, M)+ such that (n,n) =1
Then the mean curvature of f at p along 7 is given by:

1
hy = - Tr(S,)

where n = dim M, and S, is the shape operator of f at p along 7.
Remember that S, : T, M — T, M is self-adjoint.

Also let ey, ..., e, be an orthonormal basis of T, M. Then we have:

Syle;) = ZAijej
Aij = (Sy(ei), ej) = (ei, Syle;)) = Aji

From this definition, we know that 3U € O(n) such that:

AN - 0 AN - 0
A=Uu"1': . |u=UT|: .. 1 |U  AM,...,Mm€ER
0 - 0 - A\
Then there exists an orthonormal basis €y, ..., e, of T, M such that:

Sy(€) = Nig;
i=1 i=1

Then from here, choose an orthonormal basis F1, ..., Ej of (TpM)L where k = dim M — dim M

Then the mean curvature vector of f at p is given by:

S|

k k. n
H(p) = 3 hp B =+ 50 S (Bleser), Fa) =
a=1

n
> Bles,ei) € (T,M)*
a=1i=1 i=1
Notice that this expression is independent of choice of basis for {E,}%_; and {e;}7 ;.
So H e (T,M)* is the mean curvature vector of the isometric immersion f : (M, g) — (M, g)

We say that the isometric immersion f is minimal at p if H (p) =0.

Example 5.1. The mean curvature vector of f : (S™, gean) < (R"*1, gg) is H= hyn, where 7 is the inward
unit normal.

1 1. .
Vpe M hy(p) = - Tr(S,(p) = - Tr(idg,sn) =1
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5.2 Hypersurface Example

Let f: (M, g) — (M"H, g) be an isometric embedding, with n € X(M )~ being the unit normal vector field.
This exists if and only if N(f) is trivial.

Then with S, (p) being the self adjoint operator defined above, and taking an orthonormal basis {e;}}_; of
T,M, we recall that S, (e;) = Aie;

Then the eigenvalues Aq1,...,\, are principal curvatures of f at p. Also, the eigenvectors eq,...,e, are
principal directions of f at p.

Define some symmetric functions on A;:

or=A+-+ A

09 = Z)\Z)\J

i<j
op = )\1 e )‘n
Then o9, 04, ... are invariants of the isometric embedding f.

And also:
hy = %()\1 + ...+ \p,) is the mean curvature.
det(S,) = A1 -+ A\, is the Gauss-Kronecker curvature
Special Case:
Let M? be a 2 dimensional Riemannian manifold isometrically embedded into (R, dx? + dy? + dz?).
For p € M, n € (T,M)*, there exists an orthonormal basis e1, ..., e, on T,M such that:

Sn(ei) = )\iei
B(ei,ej) = )\16”7)

Then we also have:

K(p) = det(S,) = A1A2  is the Gaussian curvature

K(p) + (B(er,e1), B(ea, e2)) — | B(ex, e2)[?
=0+ (A7, A2m) — 0 = A1 A2 = K(p)

Theorem 5.1. Gauss Theorema Egregium:
The Guassian curvature of a 2 dimensional Riemannian manifold is an intrinsic invariant.

More generally, the Gauss-Kronecker curvature of an isometric embedding M?" — R?" 1 is an intrinsic
invariant.
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5.3 (Gauss Map
Let M™ — (R"*! gg = daf + ...+ daZ )
Suppose that there exists N € X(M) unit normal vector field Vp € M™.
N(p) € (T,M)* Cc T,R*" ™ =R"™  |N(p)| =1

Then we obtain a C*>° map N : M™ — S™, known as the Gauss Map of the isometric embedding M™ —
(Rn+1’ gO)

de : TpM — TN(p)Sn

Where T, M = {v € R™ | (N(p),v) = 0} = Ty () S"

And then we have:

Yu € TpM SN(p) (U) =—-D,N = —de(U)

where D is the pullback connection of the Levi-Civita connection V of (R"1, go).

Then from this, we see that if x,y € T, M, the second fundamental form:

HN(p)(xvy) = <SN(p)(‘r)ay> = —<de({E)7y>

UCM —— Rt

|

V CR"

X(@) = ¢~ H(@) = (X1(@), ..., Xnp1 (@) € M C R™H!
N(@) = N(X(@)) = (N1(@), ..., Npy1 (@) € S ¢ R*H!

X:V = R"™ € embedding
N:V = R"  C* map

oX ON
Ny <8ui> ~ ou

Let (u1,...,u,) be alocal coordinate system on U = X(V') C M. Then we have:
HN = Zh”duzdu] where hij = <Xij7 > = —<X7;,Nj>
2

g = Zgljduzduj where gij = <X“Xj>

,J
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5.4 Example:
Consider the surface of revolution obtained by rotating y = cosh(z) in the yz-plane about the z-axis. The

parameterization is given by:

X:[0,27] x R — R?
X(u,v) = (cosh(v) cos(u), cosh(v) sin(u), v)

Then first compute the partial derivatives:

«w = (— cosh(v) sin(u), cosh(v) cos(u), 0)

» = (sinh(v) cos(u), sinh(v) sin(u), 1)
Which allows us to solve for the components of the metric by leveraging the fact that ¢;; = (X;, X):
g11 = (Xy, X,,) = cosh?(v)

gi12 = <Xuaxv> =0
g22 = (X, X)) = cosh2(v)

So that g = (cosh?(v))(du? + dv?)
XXy we have:

Now to solve for the unit normal vector field N = T

Xy x X, = cosh(v)(cos(u), sin(u), — sinh(v))
Xy x Xy (cos(u),sin(u), —sinh(v))
|Xu X X'u‘ B COSh(U)

N =

And we can also compute the partial derivatives of N:

N, = (—sin(u), cos(u), 0) _ 12 X,
cosh(v) cosh”(v)

N, — (0,0, — cosh(v)) cosh(v) — (cos(u),sin(u), —sinh(v)) sinh(v) -1 <

v cosh?(v) ~ cosh®(v) "

Which shows that:
1 -1 0 . .0
Sy = —dN = m < 0 1) with respect to the basis b
Principal Curvatures: A\ = —le(v), Ay = m

e eetiong: pr — 18 __1
Principal Directions: e; = Sosh(0) Bu’ €2 = cosh(v) Bw

Mean Curvature: hy = %()\1 +X)=0

Gaussian Curvature: K = Ay = —m
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Now to solve for Hy = hji1du? + 2hiadudv + heodv?, we have:

1
h :_XuaNu =T 35, Xu7xu =-1
" < ) cosh? (v) < )
1
h12 = _<Xqu1)> = _m<xu7xv> =0
1
h :_vaNv = X’lMX’U =1
2 < ) cosh?(v) < )
Which gives us: Hy = —du? + dv?
So S C R? is a minimal surface, not totally geodesic.
Now let’s compute the sectional curvature K = —f122 .
g11922—9Gis
Recall that the metric is as follows:
g11 = cosh?(v) gt = ot
cosh?(v)
1
= cosh?(v 2___—
922 ) g cosh2(v)

1 5911 5911 5911
rlo— L . _
) < ou ou + ou 0
1 0g12  O0ga1 Ogn 1 0
2. — 2,22 _ _ L9
2 u u v 2 v
11 g <8 + ) ) 97 59
b (e o)) L (2cosh(v)sinh(v)) = — tanh(v)
=———— | =—cosh®*(v) | = ———————(2cosh(v) sinh(v)) = — tanh(v
2cosh?(v) \ Qv 2 cosh?(v)
Which implies that:
0
V% (au) = —tanh( )7
And then:
1 0
F%Q = F%l = 5g” (avgn) = tanh(v)
1 0
1—12 :F2 =22 -~ _
12 21 = 59 90922 0

Which implies:

And finally:
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Which gives:

0 0
Vo <8v> = tanh(v)%

Now using these results, we can compute Rj212 as:

Ri212 = <vuvuau - vuvvaqu av>
= (V,(— tanh(v)d,) — V,(tanh(v)d,), Oy)
= (=8, (tanh(v))d, — tanh?(v)d, + tanh?(v)d,, d,)

1

=T 35, a@m a’u
cosh? (v) < )
=-1
So that we finally achieve the final result:
Ry210

-1

K_

N g11922 — 9%2 B COSh4(U)

To summarize all of the information we have learned about this manifold:

Property Value

Principal Curvatures Al = _m7 2 = mlz(v)
Principal Directions €1 = coslll(v)%’ €2 = coskll(v)%
Mean Curvature hN = %()\1 + )\2) =0
Gaussian Curvature K = MAy = _m

Second Fundamental Form H N = —du2 + dU2

Sectional Curvature — 911];21221_29%2 — Cosi‘ll(v)
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6 Complete Manifolds

From now on, let’s assume that the underlying topological space of M is both Haussdorf and second countable.

6.1 Hadamard Theorem
Theorem 6.1. (Hadamard Theorem)

Let (M, g) be a complete Riemannian manifold, simply connected, and with sectional curvature K(p,o) <0,
for allp € M, and for all o C T,M. Then M is diffeomorphic to R"™. More precisely, exp,, : T,M — M is
a diffeomorphism for allp € M.

6.2 Metric Spaces on Manifolds

Let (M, g) be a connected Riemannian manifold. Then for all p,q € M, we define the distance between p
and g to be:

dg(p,q) = inf{l(c) | ¢:[0,1] — M is a piecewise smooth curve with ¢(0) = p, c(1) = ¢}

Which by definition implies that 0 < d4(p,q) < co. From now on, assume the metric g is fixed, so we can
simply write d(p, q).
Proposition 6.1. (M, d) is a metric space.
Proof:
By definition, we need to check the following properties:

(1) (Triangle Inequality) d(p,r) < d(p,q) + d(q,T)

(2) (Symmetry) d(p,q) = d(q, p)

(3) d(p,q) =0

(4) d(p,q) =0 <= p=gq
Notice that (1), (2), and (3) are obvious from the definition of d(p, ¢). So we only need to prove (4).
If p = q, then it is also very clear to see that d(p, ¢) must equal 0.

Now, suppose that d(p,q) = 0. We want to show that if p # ¢, then d(p,q) > 0, which will immediately
imply the result.

Since M is Hausdorff, we know that there must exist an open neighborhood U of p € M such that ¢ ¢ U
for some € > 0. Moreover, we can choose U to be a normal neighborhood of p. Now, let B = B.(p) be a
geodesic ball of radius € > 0 centered at p € M, such that B C U. Also let v : [0,1] — B be a geodesic line
segment with v(0) = p. Then if ¢ : [0,1] — M is a piecewise smooth curve with ¢(0) = v(0) = p, ¢(1) = (1),
we know from do Carmo that this implies £(y) < £(c).

In the case when these lengths are equal, we must have that ¢([0, 1]) = ([0, 1]).
From this it is easily concluded that d(p, ¢) > r > 0, which completes the proof.

Remark:
A non-Hausdorff space is not metrizable. For example, consider the line with two origins which is defined as

the image of the map 7. The equivalence relation ~ is defined by (z,0) ~ (z,1) for all x # 0.

iR x{0,1} = M = (Rx {0,1}) / ~
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And notice that d((0,0), (0,1)) =0, but (0,0) # (0,1). Therefore, d is not a metric.
Also notice that if we fix pg € M, then the function

f+M—>R
p — d(po,p)

is a continuous function.

|f(p) — f(@)| = |d(po,p) — d(po, q)| < d(p,q)

So that f: (M,d) — (R,]||) is Lipschitz continuous.
Definition 6.2. (Geodesic Completeness)

A Riemannian manifold (M, g) is geodesically complete if for any p € M, the exponential map exp,(v)is
defined for all v € T, M, i.e., every geodesic y(t) is defined for all ¢t € R.

Theorem 6.2. (Hopf-Rinow Theorem)

If (M,g) is a connected Riemannian manifold, and p € M, define a metric d (in the sense of point set
topology)on M as above. Then for the following statements:

(a) exp, is defined on T, M

(b) Closed and bounded sets of (M,d) are compact

(c) (M,d) is a complete metric space

(d) (M, g) is geodesically complete

(e) 3 compact sents K,, C M, with K, C K41, with U K, =M such that ¢, ¢ K,, = d(p,qn) = o0

n=1
(f) Yq € M there exists a minimizing geodesic 7y : [0,1] — M with v(0) = p, v(1) = ¢
We have (a) <= (b)) <= (¢) <= (d) <= () = (f).

Corollary 6.3. If M is a compact C° manifold, then for any Riemannian metric ¢ on M, (M,g) is
geodesically complete.

But more generally, if we have an open embedding M <y M’ such that i(M) C M’ is a proper subset i.e.,
(M) #M', and (M',¢') is a Riemannian manifold, then (M,i*g) is not geodesically complete.

Definition 6.4. (Extendible Manifolds)

A connected Riemannian manifold (M, g) is said to be extendible if there exists a connected Riemannian
manifold (M’,¢') such that ¢ : M < M’ is an open embedding, and:

open

i(M) C M and i(M)#M i'¢ =g

Remark: Compact = Complete = Non-Extendible
Corollary 6.5. (Corollary of Hopf-Rinow)

Suppose that (M, g) is a connected complete Riemannian manifold. Let N be a closed submanifold of M,
and 7 : N < M be an inclusion. Then:

(N,i*g) is a complete Riemannian manifold.
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6.3 Conjugate Points & Poles
Let (M, g) be a Riemannian manifold, and v : [0,a] — M be a geodesic.

Choose ty € [0,a]. We say that v(t9) is conjugate to v(0) along ~ if there is a Jacobi field J along ~ such
that J(0) = J(tp) =0, and J is not identically 0.

Let 7v/(0) =v #0 = ~(t) = exp,(tv). Then:

J(0)=0, J(0)=w#0 = J(t) = (dexp,)(tw)

Define the multiplicity of v(tg) to be:

m(v(tp)) = dim{J | J is a Jacobi field along +, J(0) = J(to) = 0}
= dim{w € T, M | (dexp,,)t(tow) = 0}
= dim{ker(dexp,)t,v}

From the Gauss Lemma, we know that [(dexp, ), (v)| = |v| # 0, which means that v ¢ ker((dexp,)t)-
Because of this, we must have:

0 < dimker((dexp,)t,w) <n—1

From this, we can also reformulate the statement as follows:
7(to) is conjugate to v(0) along v <= tov is a critical point of exp,
Definition 6.6. (Conjugacy Locus)

The conjugacy locus of p € M is the set of all (first) conjugate points along all geodesics ¥(t) in M with
~(0) = p. This set is denoted C(p).
Definition 6.7. (Poles)
Let (M, g) be a connected complete Riemannian manifold. We say that p € Mis a pole if C(p) = 0.
This is also equivalent to the following statements:
o Vo€ T,M (dexp,), : T,(T,M) — Texp, (v)M is a linear isomorphism.

e exp, : T, M — M is a local diffeomorphism.

Intuitively, a pole is a point from which all geodesics emanate without conjugate points. In other words,
a pole is a point from which all geodesics are minimizing. This means that the existence of a pole on a
manifold (M, g) implies that it is possible to define a global coordinate system.

Lemma 6.3. Suppose that (M,g) is a connected complete Riemannian manifold, with constant sectional
curvature K < 0. Then this implies Vp € M, p is a pole.

For this lemma, we define an arbitrary geodesic v : [0,00) — M, and impose the condition v(0) = p.
Proof:

Let J be a Jacobi field along v such that J(0) = 0 and J’(0) # 0. We want to prove that J(t) # 0 for
t € (0,00). First, let’s calculate (J, J)":
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(L) =T J)+(J.T))
= (2(J", 7))
=2(J", Ty +2(J",J)
= 21" (O = 2((R(J,7)Y, )

And recall from the definition of sectional curvature that

K(u,v) = m — (R, 0o = K ([uof? — (u,0)?)

So that plugging this in, along with remembering that ~ is orthogonal to J, implying (J,7’) = 0, we get:

()" =21T' () = 2K (J, 4" ) (| T*'*)
But notice that we assumed that K < 0. This means that the expression can be rewritten as:

()" =27 (OF + 20l (O] (6 > 0

where « = —K > 0.
From this, we can conclude that (J, J)" is a non-decreasing function.

Now take 0 < t; < to. Then by the fact that (J, J)" is non-decreasing, we have:

<J7 J>/(t2) > <J7 J>/(t1) > <J7 J>/(O) = 2<J/(O)7 J(O)> = 2<J/(0)70> =0

Which then implies (J, J) = |J(t)|? is also non decreasing.
But:

J(0)=0,J(0) #0
= 30 > 0 such that J(¢) # 0 for ¢t € (0,0)
— [J(t)|* > 0 for t € (0,6)
= [J(t)]* > 0 for t € (0,00)

But this means that J(t) can never equal zero again, since J(¢) is a strictly positive function. Therefore,
the conjugacy locus (Definition. 6.6). Then by definition 6.7, we see that the conjugate locus being empty
means p is a pole.

Since p was an arbitrary point in the manifold M, we have shown that every point in M is a pole.
O.

Lemma 6.4. Let (M, g) be a connected complete Riemannian manifold. Also let (N,h) be a Riemannian
manifold.

If f + M — N is a surjective local diffeomorphism (= N connected), then ¥p € M, and Vv € T,M, we
have thatdep(v)Hf(p) >|vll, = f is a covering map.
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Proof:
It suffices to show that f: (M,g) — (N, h) is a surjective local diffeomorphism.

complete

Or that ||(df,)(v)|| > ||v|| has the path lifting property:

(M,g)
/,7
i 7
[0,1] —=— (N, h)

Claim

(1): fe:[0,t0) > M 0<ty<1l, foc=c

= 3 > 0 such that ¢ is defined on [0,tg + d] and foc=c.

(2): If ¢ is defined on [0,t9), 0<ty <1, foc=c, then ¢is defined at tg.

Proof of (1):

We know that there must exist an open neighborhood V' of &(tg) in M such that f|y : VCc M — f(V)C N
is a diffeomorphism.

This means that f(V) is an open neighborhood of ¢(tg) = f o &(tg) in N.
Which implies that 3§ > 0 such that [t — to] <d = c(t) € f(V)
Then define &(t) := (f|v)~'(c(t)) for t € [ty — 6,t0 + d], so that foc(t) =c(t) te€[0,to+3)

And we have arrived at our result. Note that we only used the fact that f is a diffeomorphism. O

Proof of (2):
IHtn} C[0,t0) tn <tnpr 1Lm t, = to

Now choose m < n so that:

where C' = max || % (t)H >0

t€(0,1]

{é(tn)} is a Cauchy sequence in (M, dys) which is a complete metric space. By the assumption that (M, g)
is geometrically complete, and Hopf-Rinow (Theorem 6.2),

= r € M such that lim é(t,) =r
n— oo
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Define ¢(tg) = r. Then:

foc(te) =f ( lim c(tn)) = lim foc(t,) = lim c(t,) = c(to)

n— oo n—oo n—oo

O

Corollary 6.8. If (M,g) is a connected complete Riemannian manifold, and p € M is a pole, then the
exponential map exp, : T, M — M is a covering map.

If, in addition, M is simply connected, then exp, : T,M — M is a diffeomorphism, which implies M is
diffeomorphic to R™.

Proof:

By assumption, exp, : T,M — M is a surjective local diffeomorphism. This implies that g = exp, g is a
Riemannian metric on 7}, M. This makes exp,, : (T;,M, g") — (M, g) a local isometry.

By Lemma 6.4, it suffices to show that (7),M, ¢') is complete.
Yo e To(T,M) 2 T,M ~(t) = exp,(tv),t € R is a geodesic in (M, g)

This implies that 7(¢) = tv, with ¢t € R is a geodesic in (T,M, g')

&%p,

To(T,M) T,M

id

R

T,M

Then by Hopf-Rinow (Theorem 6.2), we have that (T,M, ¢') is complete.

Notice that by this Theorem, as well as Lemma 6.3, we have:
Theorem 6.5. (Cartan-Hadamard Theorem,)

Suppose that (M,g) is a connected complete Riemannian manifold with K(p,o) < 0 Vp € M. o €
Gr(p, T,M).

Then this implies that Vp € M, the map exp, : T,M — M is a covering map.

In particular, if (M, g) is also simply connected, thenVp € M, the map exp, : T, M — M us a diffeomorphism,
which implies that M is diffeomorphic to R™.
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7 Geodesics & Convex Neighborhoods

7.1 Geodesic Frame

Let (M, g) be a Riemannian manifold of dimension n, and p € M, with r > 0 such that:

exp, : B.(0) CT,M — B.(p) C M

is a diffeomorphism.

Given any orthonormal basis of (e1(p),...,en(p)) of T, M, we define an orthonormal frame (eq,...,e,) of
TM)|p, ) = TB,(p) as follows:

Vg € B.(p) v € T,M such that exp,(v) = g.

Then v : [0,1] — M, with () = exp,(tv) is a geodesic in (M, g), such that v(0) = p, y(1) = ¢, and
7'(0) = v.

Let V;(t) be the unique parallel vector field along v with the initial value V;(0) = e;(p) € T,M. Then we
define:

ei(q) :=Vi(1) e T,M

Then:
o ¢; is a C* vector field on B, (p)
o (ei(9),e(q)) = bi; Vq € Br(p)
e (Veiej)(p) =0
We call (e1,...,e,) the geodesic frame of TM|p, (). It is determined uniquely by (e1(p), ..., en(p)).

7.2 Theorem of Cartan
First, consider a local isometry f: (M, g) — (M7 g)-
Then Vp € M, there exists r > 0 such that f : B.(p) = B,(p) (p = f(p)) is an isometry.

ii=dfp : T,M — TgM is a linear isometry, or isomorphism of inner product spaces.

B,(0) € T,M ———— B.(0) C T;M

exp,, e@p;

B.(p) ! B.(p)

Where f = expgoio (exp,) "

Let e1(p),...,en(p) be an orthonormal basis of T,M. Then let €;(p) := i(e;(p)). With this definition, we
have that €1(p), ..., e, (p) is an orthonormal basis of T;M.

Now let eq,...,e, and €;,...,€, be the geodesic frames on U := B,.(p) and U:= B, (D), respectively. These
are determined uniquely by (e1(p),...,en(p)) € T,M and (€1(p),...,€,(D)) € TyM.
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UxRr — X4 gy Rre

h Q h
TU & TU
U f U

h q,chej(q) =(q,(c1y...,¢n))

h a,zcjgj@ = (G (c1,....cn))

df : TU - TU (q,w) ~ (f(q),dfy(w))

Where df,(e;(q)) =¢;(q), ¢ € U, w e T,M =T,U.

Now define the Riemann curvature tensor on both U and U to be:

Rijre == R(ei, €5, ex, e0) € C(U)

Rijre == R(e;, €5, e, ¢0) € CF(U)

Then we have that R;jie = f*ﬁijkb which implies that Vg € U, Rijre(q) = Rijre(f(q)).
This is true if and only if V¢ € U, and Vz,y,u,v € T,M,
R(q)(x, y,u,v) = RUF(@)(dfy(x), dfy (), dfy (u), dfy (v))

Theorem 7.1. (E. Cartan)
Let (M, g) and (M7 g) be Riemannian manifolds of the same dimension. Also let p € M and p € M.

1:TyM — Tg]\j is a linear isometry.

Then Ir > 0 such that f := expzoio exp;1 :U = B,.(p) > U= B.(p) is a diffeomorphism.
Let (e1,...,e,) be a geodesic frame on B,.(p), and (€1,...,€,) be a geodesic frame on B,.(p).

Then €;(p) = i(e;(p))

If Rijie(q) = Rijre(f(q)) Vq € Br(p), then f is an isometry. (7.1)
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Remark 7.2. For all ¢ € U, define a linear isomorphism

Pq : TyM — Tf(Q)M
i=1 =1

Then ¢, is a linear isometry, and ¢, is determined by 7.

Equation 7.1 <= Vq € U,Vz,y,u,v € T,M, we have that:

R(q)(x,y,u,v) = R(f(q))(dg(x), bq(y), dq(u), dq(v))

And once we prove that f is an isometry, we immediately know that ¢, = df,.

Corollary 7.1. If (M, g) and (M, §) are Riemannian manifolds of the same dimension, and same constant
sectional curvature K

Let pe M and p € M be any point, let i : T,M — TI;M be any linear isometry.
Then there exists:

e an open neighborhood of V of p € M

e an open neighborhood Vofpe M

e an isometry f:V — V such that f(p) =pand df, =1

7.3 Conformal Deformation of Curvature

Suppose that g is a Riemannian metric on a manifold M, and let g = e?f g for any smooth function f on M.
Let V and V be connections on (M, g) and (M, g), respectively.

Then we have that for any C> vector fields X,Y € X(M)

VxY =VxY + X(/)Y + V()X — g(X,Y)grad, f
We can prove this by assuming that V has the form VxY = VxY + A(X,Y), where A is a symmetric
bilinear tensor. Plugging this in, and applying some elementary definitions, we can arrive at the result.
In particular, if f is constant, so that § = r2g, then VyY = Vx Y, which implies the following:
R(X,Y)Z = R(X,Y)Z
R(X,Y,Z,W) =r*R(X,Y, Z,W)
Ric = Ric

S =r28

Definition 7.2. Given two symmetric (0,2)-tensors S, and T on M, we can define the Kulkarni-Nomizu
product of S and T to be the (0, 4)-tensor S ® T defined by:

(S D T)(X,Y,Z,W) =S(X, Z)T(Y,W) + S(Y,W)T(X, Z

~—



In particular:

(SO X, Y, Z,W) =2(5(X, Z)S(Y, W) = S(X, W)S(Y, Z))

(M, g) has constant sectional curvature Ko <= R = %Kog Dg
Lemma 7.3. For any X,Y,Z,W € X(M), we have:

SOTX,)Y,ZW)==-(SOT)Y,X,Z, W)
=(BT)(Z W X,Y)

ie., ST € C (M, Sym? (/\2 T*M))
Recall that R € C* <M7 Sym? (/\2 T*M)) Therefore, we can prove that:

Ro= e (R (Hoss ) O+ @ 2 @ g~ 317 ©)

Where:

Hess(f) = Zf,ijdxidxj
ij
df* =2 " if;
ij

7.4 Example: Hyperbolic Space
Recall that:

1
Ro= ! (R (tess ) @ 9+ (0] 0 ) @ g~ 3% O
Where @ is defined as in Definition 7.2.

7.4.1 Upper Half Space Model
Let H* = {(y1,-.-,yn) € R™ | y, > 0}
And then define a metric g on H™ by:

o dyi ..+ dy?
g="T T _ 2y g=dy? L dy?

Then:
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Yn
dyn
fi= 3; = O = df ==
9% f dya
Tis dy;0y; Jn ess f %:f] Vi = e
1
AP = 5 =
2
df @ df = dy2” = Hess f

Therefore:

Fo= ¥ (R (Hoss ) O + af ) @ g~ i O

1
= e/ (0 — (Hess f) @ g + (Hess /) © g — 5 |df[*g @g)
1
=590y
1.
=-3909
= (H",3) has constant sectional curvature -1
7.4.2 Disk Model

Let D™ = {i@ = (u1,...,u,) € R™| |@| < 1}, which is the open unit ball in R™.

Define a metric:

g:m(duf—i—...—i—dui) =g g=dul+.. +du?

So that:

|| u 4. 4 ud
F_ 2
1 ap?
2
:1 _—
1=t (=)
2’11,1‘
SRR
f" 252] 4’LLZ'Uj
ij

Using these equivalences, we can see that:
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AT
4 Z uiujduiduj
4,
Vod=—0"@py

2 Z du? 4 Z uidusu;du;

Hess(f) = S fisduidu; = — ird
ess(f) = fijduidu, e T e

i
Aal?

= T

And plugging all of this into the expression for R, we can see that:

Rezf<R (Hess /) ® g+ (df @ df) B g — df29®g>

=21 (0 (Hess 1) @ g+ (& ) ©.g -~ 30 O
ot 2/
= | (df @df - Hessf)@g—mg@g

=G 7*| pI B

1
=—5¢"90y9

1.
=—5909
= (D", ) has constant sectional curvature -1
From this, we can conclude that (D™, h) and (H™, g) are isometric, and have constant sectional curvature -1.
Proposition 7.3. (D™, h) is complete ( < (H",g) is complete)
Proof:

By the Hopf-Rinow Theorem (6.2), it suffices to show that exp, is defined on Ty D?.
For all A € O(n), let’s define a function:

¢4 :R" - R"
U — UA

So that the following holds:
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n n
¢f4ui = ZujAji QSZdUz = ZdU]Aﬂ
j=1 j=1
n n n n
* 2 2 * 2 2
o | 2l ) =2 O | Doduf | =D dui
=1 i=1 i=1

i=1

We also see that ¢4(D") = D" and ¢’ h = h.
The differential:

(d(bA)ﬁ : Ta’Dn X R" — TQADn = R"

vi— vA
Also for all unit tangent vectors ¢ € Ty D™ there exists A € O(n), where O(n) is the orthogonal group of
n X n matrices such that 7A = %% cTyD" =2 R" = (%,O,... ,0)
uy
It only remains to show that the normalized geodesic (t) in (D™, h) with v(0) = 0, 4/(0) = %8%1 is defined

vt e R.

Let o : D™ — D" such that o(uy,...,u,) = (u1, —uz,...,—Uy)

Then o is an isometric involution on (D™, h).

(D™ = {(u1,0,...,0) |u; € (-1,1)} = (-1,1) x {(0,...,0)}

It is then possible to prove that D is a totally geodesic submanifold of (D™, h), and that the induced metric

o~ : 4du?
on D7 2 (—1,1) is e

Now define 8 : (—=1,1) — (D™)? by B(t) = (t,0,...,0). Also let g be an arbitrary point in (—1,1).

s(to) = Z(ﬁho,to])
- / |8 (0 ndt
0

to 2
:/0 et

o/ 1 1
- o \at
[ ()
1 1+t
=1lo

s\1-4,

142
1-t

141

So from this, s = log(;

3 S __
), meaning e® =

From this equality, with some simple rearranging, we see:

S
hiZ2
tan (2>

o1



So v(s) = (tanh(%),0,...,0) is a normalized geodesic in (D", h) with y(0) =0, 7/(0) = 3 52

Therefore, we can determine the formula for the exponential map as:

@ 0 if
exXps = o
PO tanh (ja]) £ if

|a

ol Ol

QL 8y

+

Which is obviously defined for all @ € Ty D™.

7.5 Mobius transform
PSL(2,C) = SL(2,C)/{£(I2)} acts on CU {oo} = CP'.

a b Zﬁaz+b
¢c d)7  ecz+d

Aut(CP') = {¢ : CP! — CP' | ¢ is biholomorphic} = PSL(2,C) > PSL(2,R)

Then by do Carmo [dC] p.46, exercise 4, we have that PSL(2,R) acts isometrically on (H?2, Ltdyz)
y
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8 Space Forms

Lemma 8.1. Let (M,g) and (M, g) be Riemannian manifolds, and M connected.

Suppose the functions:

fis f2 0 (M, g) = (M,9)

are local isometries.

Then if there exists a p € M such that:

fip) = folp) =p e M
dfy(p) = dfa(p) = i : T,M — TsM

Then f1 = fQ.

Corollary 8.1. Let (M,g) be a connected Riemannian manifold, and G be a subgroup of Isom(M,g) =
{p: M —- M| peC®(M),¢*g = g} such that:

e (G acts transitively on M

epec M, and G, = {¢p € G | ¢(p) = p} — O(n) is a subgroup of G such that it maps the value
¢ dop : TpyM — T, M.

Then G = Isom(M, g)

We assume that G, — O(n) is a group isomorphism.

Example 8.1. (R", gg = dz? + ...+ d2?)

Note that O(n) x R™ acts transitively and isometrically on (R™, go).

(A, b)T = AT+ b

Notice that the stabilizer of 0 is O(n).

Therefore, by the corollary above, we have that Isom(R", go) = O(n) x R™, which represents rigid motion.
Also, Isom(R"™, gg) = SO(n) x R™, where R” = SO(n) x R"/SO(n)

Using similar methods, we can also derive the following equivalences:

Isom(S™, gean) = O(n +1)
Isomg(S™, gean) = SO(n + 1)
Isom(H?, g) = PSL(2,R) Uo PSL(2,R) (o(z,y) = (—z,v))
Isomg(H?, g) = PSL(2,R)
Isom(D?, h) = PSU(1,1) U o PSU(1,1)
Isomg(D?, h) = PSU(1,1)

8.1 Space Forms

A space form is a connected complete Riemannian manifold with constant sectional curvature.
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Theorem 8.2. Let (M, g) be a connected complete Riemannian manifold of dimension n > 2, with constant
sectional curvature K.

Let (M, g) be the universal cover of (M, g)
Then:

(Hn7g) Zf'% =-1,
(M,g) is isometric to ¢ (R, g0)  if =0,
(8™, Gean) if k=1

This also implies that Ky»4 = )\l—ng

Proposition 8.2. If M is a space form with K > 0, and n := dim M is even, then M is isometric to S™ or
P,(R).

In particular, if M is orientable, then M = S™.

Proof:

M = S?™ T’ where I is a finite subgroup of Isom (5™, gean) = O(2m+1). We see that I acts freely on S?™.
Let p €T

The eigenvalues of I' are then:

0, _—if 0, —if
{e e e e 11,1, ., =1}

Where 6; € (0,7), and there are r 1’s, s -1’s, so that 2k +r +s=2m+1 (k,r,s € Z>g)
And det(¢) = (=1)*

Case 1: r >0

J a unit vector ¥ € $?™ C R?™*! such that ¢(%) =7 = ¢ = idgem.

Therefore, I' acts freely on S2™

Case 2: r =0

The eigenvalues of ¢? € T are:

{2101 =210 o210k o—2i0) | 1)
where there are 2m + 1 — 2k 1’s.
¢? = idgem == ¢ = —idgem because there are 2m + 1 eigenvalues of ¢, and all the eigenvalues are -1.
Raising (—1)?™*1 shows that we must have ¢ = —idgzm.

[ = {lms} = M =82 =g"

or

I ={+hpi1} = M =S8*"/{£I2,11} = P.(R)
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8.2 Conformal Maps

Definition 8.3. Let V, W be finite dimensional inner product spaces. A linera map L : V — W is called
conformal if it is a linear isomorphism and:

(L(v1), L(v2))w  (v1,v9) . -
|L(v)|w - |[L(v2)lw  |vi|w - |valw Yoy, vp € V —{0}

So that L preserves unoriented angles.

Lemma 8.3. Let L : V. — W be a linear isomorphism between finite dimensional inner product spaces.
Then the following are equivalent:

1. L is conformal
2. A\ > 0 such that |L(v)|w = Avly Yo eV
3. 3\ > 0 such that (L(v1), L(ve))w = A2 {v1,v2)y Voi,ve €V

Definition 8.4. Let (M, g) and (N, h) be Riemannian manifolds. A C* map f : M — N is conformal if
Vp € M, we have that df, : T, M — Ty, )N is conformal.

<

f is a local diffeomorphism and f*h = A\2g for some C* function A : M — (0,00). The function A? is called
the conformal factor.

Note that a local isometry is simply a conformal map with A = 1. We also have the following:
local isometry = conformal = local diffeomorphism.

Example 8.2. (Dilation)

f:R™ = R", where f(Z) = A\Z, where A > 0.

Under this map, we see that gy = dz? + ... + d2?, and f*dx; = Adz; so that f*go = A\2go. We can also see
that V& € R™, det(dfz) = A" > 0.

So f is an orientation preserving conformal map from (R"™, go) to (R™, go)
Theorem 8.4. (Liouville)
Let f: U — R"™ be a conformal map, where U is connected, and n > 3.

Then this implies f is the restriction to U of a composition of isometries, dilation, or inversion, at most one
of each.

Let G be the group generated by isometries, dilations, and inversions. Then

G = PSL(2,C) UoPSL(2,C)

Where o(2) = z and o(z,y) = (x, —y).
Theorem 8.5. (do Carmo [dC] p. 175, Thm 5.3)

The isometries of H™ where n > 2 are restrictions to H™ C R™ of the conformal transformations of R™ that
take H™ onto itself.
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9 Principal Bundles

9.1 Definitions & Examples

Definition 9.1. Let E, M, and F be smooth manifolds, with 7 : £ — M a smooth map. We say that
(m,E, M) is a C fiber bundle with total space E and fiber F if:

(1): 7 is surjective

(2): Vx € M, there exists an open neighborhood z € U € M and a C* diffeomorphism v such that the
following diagram commutes:

W U) — Y S Ux F

P’I“l
=10y

U

where Pr; is the projection onto the first factor. These maps ¢ are called local trivializations of our fiber
bundle.

For example, in the case when £ = M x F, with 7 : E = M x F — M given by Pr;y is the product fiber
bundle with base M and fiber F.

Also, a fiber bundle is trivial if there exists a diffeomorphism ¥ : F — M x F such that the following
diagram commutes:

E— Y S MxF

N

Remark:

For a fiber bundle (7, E, M), there exists an open cover {U, }aecr of the base M and maps v, that makes
the diagram:

WUy — 2 Uy x F
- P’I’l
Ua

commute such that for U, N Ug # 0, the map 9, o w;l : (UaNUg) x F — (U, NUg) x F is given by
(e © 1/)/;1)(1:, €) = (z,¢.(£)) where ¢, : FF — F' is a smooth diffeomorphism.

Example 9.1. A C* real (complex) vector bundle of rank r over M is a fiber bundle with fiber R"(C")
such that ¢, : F — F is an R-linear (C-linear) isomorphism. Note that this is much more restrictive! If we
write 1, 0 wﬁ_l (UaNUB) X R" — (Uy NUB) x R” as (x,v) — (z,1%a5(v)), we have that the smooth map
Yap : Us NUg — GL(r,R), which is the same as saying ¢,v = Av for some A € GL(r,R").

Definition 9.2. (Principal Bundle)

Let P and M be smooth manifolds, let G be a Lie group, and consider a smooth map 7 : P — M. We say
that (w, P, M,G) is a principal fiber bundle with total space P, base space M, and structure group G
if:
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1. G acts smoothly and freely on P on the right
2. m: P — M is the natural projection P — P/G

3. Vo € M there exists an open neighborhood x € U C M and smooth diffeomorphism ¢ : 7=4(U) —
U x G such that

commutes and ¢(p-g) = 1 (p) - g for all p € 7~ (U) and all g € G. Here, G acts on U x G on the right
by (z,u)-g = (z,u-g). These two conditions can be summarized by saying that we have G-equivariant
local trivializations. We can also refer to this bundle 7 : P — M as simply a principal G-bundle.

Example 9.2. The product principal bundle is the case when P = M x G, with 7 : P =M x G - M
given by Pry and (z,h) - g = (z,hg), for all x € M and g,h € G.

Example 9.3. A principal G-bundle is called trivial if there exists a C*° diffeomorphism ¥ : P — M x G
such that ¥(p-g) =¥(p)-g Vp € P,g € G such that the following diagram commutes:

P—Y s MxG
Pr1
M

Example 9.4. Given 7 : E — M a real vector bundle of rank r, let us describe the frame bundle GL(FE)
of . This is:

GL(E) ={(z,(e1,...,er)) | x € M,(e1,...,e,) is an ordered R-basis of E,}

Let 7 : GL(E) — M be the projection Pry, and note that GL(r,R) acts on GL(E) on the right by:

(.’)37(61,...7€T))-A: x,ieiAil,...,ieiAiT
i=1 i=1

Where A = (A;;) € GL(r,R), and (z, (e1,...,e,)) € GL(E). Then in this case, we can see that once we
convince ourselves that GL(E) is a manifold, GL(F) is a principal GL(r,R)-bundle over M.

Additionally, if h is a metric on E, i.e., for all x € M, h(x) is an inner product on E,, then h is a C* section
of B* @ E*.

We can also consider:
O(E,h) :={(z,(e1,...,er)) € GL(E) | (e1,...,e.) is an ordered orthonormal basis of (E,, h(z))}

Which is U(FE, h) if we are working over C instead of R.
So, O(E,h) — M is a principal O(n)-bundle, and U(E, h) — M is a principal U(n)-bundle.
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Associate Bundles:

Given a principal G-bundle 7 : P — M, and a smooth manifold F' that admits a left-action, G acts freely
on P x F by:

0.8 9=Wp-g.9"' ¢ forpePtcFgeq

Consider the space P xg F := (P x F)/G with the projection P xg F — M given by [p,&] — m(p).
Extending the local trivializations U x G of P to U x G x F', we see that the G action glues together
(2, h,&) ~ (z,1,h71E), in which case, P xg F — M is a fiber bundle with fiber F' known as the associate
bundle of 7 : P — M with respect to F.

We can further generalize thie example. Given a principal G-bundle 7 : P — M, and p : G — GL(n,R), a
real representation of G, G acts on R™ on the left by g-v = p(g)v for v = [vy,...,v,]T a column vector.

We use the notation:
P x,R":=P xgR" with g-v = p(g9)v
Example 9.5. Take pg : GL(r) — GL(r) by A — A the fundamental representation, and take its dual

representation pj : GL(r) — GL(r) given by A+ (A~!)T. Then given 7 : E — M a vector bundle of rank
r’

GL(E) % ®“’®(p yor Rrert ~ E®s ® (E*)®t

In particular, if M is a smooth manifold of dimension n, then:
GL(TM) x R" " = TM®" @ (T*M)®* = T'M

9.2 Cross Sections

Definition 9.3. A cross section of a fiber bundle 7 : E — M is a smooth map o : M — E such that
m oo =idy. This means that for all z € M, o(x) € E,.

Lemma 9.1. A principal G-bundle (mw, P, M) is trivial if and only if it admits a cross section.
Proof:

If 7 : E — M is a trivial fiber bundle, then it admits a cross section o(z) = =!(z,£) where ¥ : E — M x F
is the bundle isomorphism with the product bundle and £ € F'is chosen arbitrarily.

Conversely, if we let 0 : M — P be a cross section, then we can define ® : M x G — P by ®(z,g) = o(x) - g.
Then @ is a local diffeomorphism, and the diagram

MxG—2 4 p

S

commutes since:

m(®(z,9)) = w(o(2) - 9) = 7(o(2)) = © = Pri(z, g)

Also, for all z € M and all g,h € G, we have:
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O((z,h) - g) = ©(x, hg) = o(z)(hg) = (o(x)h)g = ®(x,h) - g

Which proves that (w, P, M) is the trivial G-bundle.

O
Lemma 9.2. 03(z) = 04(x) - Yaps(z)Vz € U, NUg
Proof:
ap(x) = ¥5 ' (x,e)
— 47t 0 Y 0v3 (3, 0)
=g (2, Yap(@)(e))
=5 (2,€) Yap(z)
= 0a(2)  Yap()
O

9.3 Connections on a Principal Bundle

Definition 9.4. Given 7 : E — M a fiber bundle with fiber F', Va € M, let i, : E, < E be the inclusion
map. The vertical space V, at u € F is the image of the injective linear map

(diﬂ(u))u : Tu(Eﬂ(u)) - T, F
For dimV, =dim F = N, {V, | u € E} is a C* distribution of N-planes, which is to say that V' =[], v, is
a C* sub-bundle of TE — FE of rank N.
For example, if 7 : E — M is a vector bundle, then V = n*E.
Lemma 9.3. Given m: P — M a principal G-bundle, V = P x g, where g = T.G is the Lie algebra of G.
Definition 9.5. Given £ € g, the fundamental vector field X§P € X(P) = C*° (P, TP) is defined by

u - exp(t€)
t=0

d
PN .
X (u) == g7

Recall that exp(t€) = v(t), where v is the integral curve of the left-invariant vector field X SL € X(G) defined
by XgL(e) = ¢, and 7(0) = e. Now, t + u - exp(t) is a smooth curve in the fiber P,y over 7(u), passing
through u at ¢ = 0, which implies that Xgp(u) eV, c T,P. Indeed, X§P € C™(P,V) is in the space of C'°
sections of V.

Definition 9.6. Let m: P — M be a principal G-bundle, with dim M =n and dimG = N. A connection
onm: P — M is an assignment of a horizontal space H,, C T, P for each u € P such that {H, | v € P} is a
C distribution of n-planes, i.e, H is a C*° subbundle of rank n of TP, satisfying for all u € P:

1. T,P=V,aH,

2. Hy,.q = (dRy)u(H,) for all @ € G, where R, : P — P is the map R,(u) = u - a, which, as a smooth
diffeomorphism, has derivative (dR,)y : Ty P — Ty.o P given by a linear isomorphism.

Definition 9.7. A connection 1-form on a principal G-bundle 7 : P — M is a C*° g-valued 1-form w
(w € QY(P,g), which is to say that VX € X(P), w(X) is a smooth map from P to g) such that:

L VEegu(Xf)=¢
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2. Riw=Ad(aYw Vae G where (R:w)(X) = w((Ra)«(X)) as usual.
We want to show that these two definitions 9.6 and 9.7 are equivalent.
(=)

We know that by definition, TP = V @ H, so we have a projection V & H — V which will define for us a
smooth section w’ of:

T*PRV 2T*P® (P x g)

Since the projection V& H — V is exactly the map TP — P X g, this g-valued 1-form is defined by
(p,v) = (p,w’(v)), and under the isomorphism C*° (P, T*P® V) = Q!(P,g), we have that w’ +— w. Our goal
is to prove that this w is a connection 1-form.

Lemma 9.4. ((RG)*X,;P) (u) = Xf:d(a,l)g(u) Yae G, Véeg

Proof:

((Ra)XZ) (1) = (ARa)ua—s (XE(w-a™h))

d
— (dRa)u'a,*l (dt
d

dt

u-at exp(t£)>

t=0

u-a texp(té)a
=0

pn . wexp(t Ad(a™1)¢)

= X}:d(afl)g(u)

Now, w’(Xgp) = XEP when «’ is considered as a projection, therefore o.)(XéD) :P = Pxgbyur— (u,f),
which proves the first statement in Definition 9.7.

To prove the second part, it suffices to show that:
(1) X € X(P) such that X(u) € H, VYu € P implies w((R,)+X) = Ad(a™w(X)
(2) Ve € g, w((Ra). XF) = Ad(aHw(XE)

To prove (1), notice that both sides are just 0 € g, since ((Rq)«X)(u) = (dRy)y.q—1 (X(u-a™')) € Hy,
because X (u-a~1) € Hy.q-1, which implies w((R,)+X) = 0 if and only if w(X) = 0.

For (2), we use w(X/[) = ¢ to show:

W((Ra)uX{) = w(XXg(a-1)e)
~ Ad(a
= Ad(ail)w(Xg)

(=)

Given w € Q(P,g) satisfying the two conditions in Definition 9.7, Vu € P, w(u) : T,P — g. Define
H, := ker(w(u)). Then the first condition of Definition 9.7 implies that w(u)‘vu : Vu — g is a linear
isomorphism, hence T, P = V,, & H,,, which gives condition 1 of Definition 9.6. To prove the second condition
of Definition 9.6 from the second condition of Definition 9.7:
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w(u - a)(dRa)y = (Row)(u) = Ad(a™ w(u)

Which is the commutativity of:

w(u a)
TyoP ————— ¢
(dRa)w /l\Ad(a_l
TP ———— g

Since v € ker(w(u)) if and only if (dR,),(v) € ker(w(w - a)), we have that (dRy)w(Hy) = Hy.q as desired,
which proves the equivalence of our definition of a connection on a principal bundle using horizontal spaces
with the definition of using a connection 1-form.

Note: This connection 1 form w is global.

Now, fix a principal G-bundle 7 : P — M, and an open cover {U, }qcr of M together with local trivializations
e : mH(Uy) — Uy % G with local cross sections o, : Uy — 71 (Uy,) given by o, (z) = ¢, (x,e). We want
to conblder all possible connection 1-forms w € Q!(P, g) satisfying definition 9.7. Let 8 € Q(G, g) be the
unique left-invariant g-valued 1-form on G such that:

fe)=1d:T.G—>T,G=g and 6(g) = (dLg_1)g T,G—=T.G=g
Example: For G = GL(r,R) C R™ open, A = (aij), dA = (da;;), 0 = A~1dA
Note: For a general Lie group G, we may write § = g~ 'dg. This 6 is the unique g-valued 1-form on G such

that H(XgL) =¢ V€ € g. In fact, XgL = Xg if we view GG as the total space of a principal G-bundle over a
point. Moreover, Ya € G, we have:

RiO=R:L:_.0=Ad(a )0

Given any connection 1-form w € Q(P, g) satisfying definition 9.7, define:

Wo 1= 0w € QY Uy, 9)

the pullback along the cross section o, : U, — 771 (U,). For the inverse ¢! : U, x G — 7~ 1(U,) of our
local trivialization, consider the pullback:

(va') we QU xG.o)

which for the choice of some x € U, and g € G gives a map:

(@a)w) (0.9) : T (Ua x @) > g

Note that for this product space, we have T, )(Us X G) = ToUy @ TG,
Notice that as maps T,,U, ® T,G — g, we have:

(e w) (.9) = (Adlg™) - wal@) @ 0(9)
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Lemma 9.5. On U, NUg, as elements of Q1 (U, N Ug, g), we have:

ws = Ad (3} ) wa + B0

Proof:
Recall the definitions of 9, and a5 : Uy NUg — G. We use Lemma 9.4 to conclude:

wp = opw

oha(g) w

ohvs (Ad(g ™ wa +0)

(Yo 0 O’ﬁ)* (Ad(g_lwa + 0))

So that as a map, ¢q 005 : Us NUg — (Ua NUp) x G we have (1q 0 05)(x) = g © 1/}[;1(9576) = (2, Yap(7))
So that:

(Va0 05)" (Ad(g™ wa +0) = AW wa + 50
as desired. O]

9.4 Connections on an Associated Vector Bundle

Give a m : P — M a principal GL(r,F)-bundle, take py : GL(r,F) — GL(r,F) the fundamental repre-
sentation. We saw that E = P x,, F" is a smooth vector bundle of rank r, and that GL(E) = P. Let
oa() = (ea1(x),. .., eqar(x)) be a local frame of E, which we can do since

00 :Ua = Pl = GL(E)],

Now, each e, ; : Uy, — Ey, is a smooth section of E|y,_, and each (eq1(x),. .., eqr(x)) is a basis of E,. Given
a connection on P, we define V on E as follows:

V:QM,E) — QY (M, E)

is an F-linear map sending S — V.S, such that

V(fS)=df ® S+ fVS

For all f € C®°(M) and S € Q°(M, E). Writing w, = oiw = (Gij)r

i,j=1’
E|UQ define Ve, ; = Z €q,j @ 0;; which is to say:
J

for 0;; € Q'(U,) as above. On

|:Vea1 e Vea7.:| — [eal e ear]
As helpful notation, we will write the above as:

62



Vo, = 0awq

We have also seen that:

wg = Uocwaﬂ

a shorthand of:

aiil

en v eal=[ear o ca]
ar

So:

Vo = (Voo)Vas + 0adas
Oq (woﬂ/}aﬁ + d¢aﬂ)

=0 (%&wa%ﬁ +05 d%g)

gpwWp

Which checks that the formula transforms correctly.

a1y

a/T'T

Given s € C*°(M, E), on U, we can write s locally as s = Y., Sai€ai, OI:

Sal
s = [eal e ear]

S(XT

And use the notation to collapse this to s = 0454

Then, for Vs € Q'(M, E) on U,, it takes the form:

Vs = V(0asa)
= (Voa)Sa + 0adsq
= 0aWaSa + 0adsq

=04 (WaSa + dsa)

Which allows us to conclude that (Vs), = waSa + dsa
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In general, given a principal G-bundle 7 : P — M and a representation p : G = GL(m,F), let E = P x,F be
the associated vector bundle of rank m. With our usual notation for transition functions of P, the transition
functions of E are given by:

(Ua NU) x F™ = (U, N Us) x F™
(z,v) = (2, p(Pap(2))v)

Let w, € Q1(U,, g) be defined by a connection on P so that wg = Ad(zb;g)wa + 1% 50.

Consider the corresponding Lie algebra representation:

(dp)e = g — gl(m,F)

and define

wg = (dpe)wa S Ql(Uaag[(maF))

Then we know that this satisfies:

wh = (po dap) ' Walpothap) + (potas)  d(p o Yas)

So, {w? | @ € T} defines a connection V : QY(M, E) — Q' (M, E) on the vector bundle.

9.5 Horizontal Lifts

Given w : P — M a principal G-bundle with connection I' = {H,, C T,P | u € P}, recall that the map
dmy|m, « Hy — T,,(u)M is a linear isomorphism.

Definition 9.8. Given X € X(M), the horizontal lift X* € X(P) of X is defined as follows.
Yue P,X*(u) € H, and dm,(X"(u))=X(m(u))
Indeed, the resulting vector field on P is horizontal, so we write X* € C*°(P, H). Note that (R, X) X*

*X* =
for all a € G, since (dRy)(X*(u)) = X*(u - a) which comes from the fact that (dR,)u(Hy) = Hy.q. We
have an injective R-linear map

X(M) — C¥(P,H)

by X — X*. The image of this map is:

(X e C®(P,H) | (R,).X =X VaeG)

Given any such X, define X (z) = (dm,)(X (u)) for any u € 7~1(z). Then X = X*

Note also that for any X € X(P), there exist unique components X" € C*°(P,V) and X% € C*(P,H)
such that X = XV + X,

Lemma 9.6. Given X,Y € X(M) and f € C(M), we have:
1. (X+Y)y=X*+Y"
2 (fX) = (fom)X"

64



3. [X,Y] = [X*,Y*]¥

Now, let # : P — M be a principal G-bundle with connection I' = {H,, C T,P | u € P}, and consider a
smooth curve « : [a,b] — M.

Definition 9.9. A horizontal lift of « is a smooth curve & : [a,b] — P such that m o @ = «a and
@/(t) € Ha(t) vVt € [a,b]

9.6 Parallel Transport

Let 7 : P — M be a principal G-bundle with connection I' = {H,, C T,,P | v € P}, and let v : [a,b] - M
be a piecewise smooth curve. The parallel transport along ~ is the map:

Hol(y) : 7= (v(a)) = 7~ (+(b))

sending u — 7(b) where 7 is the unique horizontal lift of v, satisfying v(a) = u.
Here are some properties of this parallel transport definition:
1. Reparametrizing ¢ : [¢,d] — [a,b], ¢’ > 0 implies Hol(y) = Hol(y o ¢)
2. Hol(yz2 - v1) = Hol(~2) o Hol(v1)
3. 7 constant implies Hol(y) = Id : 7~ 1(y(a)) = 7~ 1(v(a))
1. Hol(y™1) = (Hol(7)) "' : 7 (+(b)) > 7 (+(a)
5. Vu € 77 1(y(a)) and Vg € G, Hol(y)(u - g) = (Hol(y)(u)) - g

Definition 9.10. Given M;, Ms smooth manifolds both admitting right actions by a Lie group G, a smooth
map f: My — My is G-equivariant if f(x-g) = f(x) g Vo € M,Vg € G.

Therefore, property 5 above states that Hol(vy) is always a G-equivariant map between fibers.

Definition 9.11. Let 7 : P — M be a principal G-bundle with connection I' = {H,, C T,,P | u € P}. For a
fixed € M, the set of piecewise smooth curves v : [0, 1] — M satisfying v(0) = (1) = = is called the loop
space Q(M, x) based at x € M.

If we consider the connected component

(M, z) = {y € QM,z) | v~ 70}

of the loop space based at x consisting of curves homotopic to the constant curve vy : [0,1] — M sending
t — x for all t € [0,1]. Let m1(M,x) denote the quotient Q(M,x)/Q°(M,z). Now, for all v € Q(M,x),
Hol(y) : 7= Y(z) — n~ ().

Definition 9.12. The collection

®(z) = {Hol(y) | v € (M, z)}

forms a group known as the holonomy group of I' with reference point x. We also can define the
restricted holonomy group:

@%(x) = {Hol(y) | v € Q°(M, )}

Now, pick a point u € 7~1(z), and define ¢, : Q(M,z) — G by:
Hol(v)(u) = u - ¢u(7)
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Which we can do because G acts transitively on the fibers of a principal G-bundle.
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